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Abstract
A BPHZ renormalized form for the master equation of the field an-
tifield (or BV) quantization has recently been proposed by De Jonghe,
Paris and Troost. This framework was shown to be very powerful in
calculating gauge anomalies. We show here that this equation can also
be applied in order to calculate a global anomaly (anomalous diver-
gence of a classically conserved Noether current), considering the case
of QED. This way, the fundamental result about the anomalous con-
tribution to the Axial Ward identity in standard QED (where there is
no gauge anomaly) is reproduced in this BPHZ regularized BV frame-
work.
PACS: 11.15 , 03.70
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1 Introduction
The Field Antifield, or Batalin Vilkovisky (BV) quantization[1, 2, 3, 4]
is presently considered to be the most general procedure for the quan-
tization of gauge field theories. The calculation of gauge anomalies at
one loop order in this framework, pioneered in [5], has lead to impor-
tant results summarized, for example, in [3]. However, the potentiality
of the BV procedure in calculating higher loop order contributions has
only very recently been exploited. Two different approaches have been
proposed in order to calculate higher loop anomalies. One, presented
in [6], is the incorporation in the BV context of the non local reg-
ularization procedure. This procedure was also shown in [7] to be
useful in deriving consistency conditions at two loop order. The sec-
ond approach[8], that will be discussed here, is based on the BPHZ
renormalization scheme. In contrast to the standard BV formulation,
one avoids the use of the ∆ operator, that leads to singular results.
One rather writes out correlation functions, taking into account possi-
ble violations of the BRST invariance of the effective action, expressed
by the Zinn Justin equation. Then a BPHZ renormalized version for
this correlation functions is considered. This allows the computation
of higher loop gauge anomalies by following the systematic BPHZ
prescriptions.
Let us now turn to the case of global anomalies. At the classical
level, the invariance of the action with respect to a global transforma-
tion correspond to the conservation of the associated Noether current.
Quantum corrections may however change this picture. The vacuum
expectation value of the divergency of a classically conserved current
may be non vanishing[9, 14]. In other words, correlation functions
involving the divergence of a Noether current may have a non trivial
behavior. This is what is called a global anomaly.
In the standard Field Antifield quantization the generating func-
tional does not reflect this possible important non trivial quantum
behavior. However, it was recently shown in ref[11] that one can
enlarge the symmetry content of some field theory (and correspond-
ingly the associated field antifield space), by trivially gauging some
Abelian global symmetry, in such a way that one is naturally forced
to introduce an extra quantum correction to the action, in order to
solve the master equation. This correction generates the appropriate
anomalous Ward identities involving the divergence of the associated
2
Noether current. The original theory is recovered if we fix the new
symmetry at some particular gauge. It was also shown in [11] that
this trivial gauging of abelian global symmetries does not change the
cohomology, therefore no extra gauge anomalies are introduced.
The purpose of the present letter is to show that this procedure for
calculating global anomalies can also be applied to the BPHZ renor-
malized BV master equation. Although this equation was conceived
for calculating gauge anomalies, we will show, considering the case of
QED ( where there is no gauge anomaly) that it can also reproduce
the anomalous non conservation of the vacuum expectation value of a
Noether (global) current ( the Axial current in this case). In section
(2) we will very briefly review some facts about the BPHZ renormal-
ization scheme, that will be essential in our application. In section
(3) we present the Renormalized master equation and in section (4)
we analyze the case of QED, showing how to incorporate the global
anomaly. Some concluding remarks are left for section (5).
2 BPHZ Renormalization
The BPHZ renormalization scheme[12] provides a systematic way of
giving a well defined meaning to Greens functions of composite oper-
ators. Finite results are associated to any divergent integral by means
of subtracting a Taylor series of the integrand in the external mo-
menta. Even at higher loop order, where the Greens functions involve
integrations in overlapping momenta, the so called Forest formula de-
fines unambiguously a subtraction procedure that eliminates all the
ultraviolet singularities.
The definition of a product of fields at the same point is in general
problematic in Quantum Field Theory as it may involve divergent
integrals. The BPHZ scheme provides a way of defining, given any
composite operator O(x), a sequence of normal products
Nδ[O(x)] (1)
(where δ , the order of the normal product, is an integer equal or
greater than the canonical dimension of the operator O(x)) in such a
way that the integrals that appear in the Gell-Mann Low expansion
of the Greens functions are replaced by the corresponding subtracted
ones. In the case of massless theories one needs to introduce a mass
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term in order to avoid infrared divergencies. In order to relate nor-
mal products of different order one uses the so called Zimmermann
identities
Nα1 [O(x)] = Nα2 [O(x)] +
∑
riNαi [Oi(x) ] (2)
The application of the BPHZ renormalization to QED is widely
discussed in the literature. However, it will be important for us to
write out a result that can be obtained from [13], if one takes, after
the renormalization computations, the zero mass limit:
∂µ 〈0|T ( N3 [ J
BPHZ
µ 5
] X |0〉 = r 〈0 |T (N4 [Fµν F˜
µν ]X| 0 〉 (3)
where we are denoting as J
BPHZ
5µ
the quantity that plays the role of
Axial current in the BPHZ renormalized framework:
J
BPHZ
µ 5
= (1 + d1 − s− 2βr)ψγµγ
5ψ = α1 ψγµγ
5ψ (4)
and r = e2/(4pi)2 and d1, s, β are constant coefficients defined in [13],
that will not be relevant here.
3 Anomalies in the BV-BPHZ frame-
work
Considering the generator of connected Greens functionsW[JA , Φ∗A ],
depending on the sources J and the antifields Φ∗ one can introduce
the effective action in the usual way by:
Γ[φAcl , φ
∗A ] = W[JA , φ∗A ] − JA φAcl (5)
Let us summarize some results from ref[8]. The most general be-
havior of the effective action with respect to BRST transformations is
described by the Zinn Justin equation:
1
2
{Γ , Γ} =
δLΓ
δφAcl
δRΓ
δφ∗A
= − ih¯ (A.Γ ) (6)
where (A.Γ ) is the generating functional of One particle irreducible
diagrams with the insertion of the anomaly A. Defining the generating
functional as:
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Z [JA , φ∗A ] =
∫
Dφ exp
i
h¯
{S[φ , φ∗ ] + JA φA } (7)
and the expectation value of some operator X in the presence of
sources JA as
〈X [φ , φ∗ ] 〉
J
=
∫
DφX exp
i
h¯
{S[φ , φ∗ ] + JA φA } (8)
One can show that equation (6) can be translated into a set of
relations involving expectation values of derivatives of the quantum
action S with respect to the antifields. The BPHZ renormalization
can than be introduced, and these relations reads:
∫
dnxJA(x)〈NdA
[ δLS
δφ∗A(x)
]
〉
J
= ih¯
∫
dnx〈Nn[A(x)]〉J (9)
expanding this equation in the sources we find a relation that will be
useful in our application.
∫
dnx〈
(
NdA
[ δLS
δφ∗A(x)
] δL
δφA(x)
(−1)ǫA
)
φA1(x1)φ
A2(x2) ... φ
An (xn) 〉J
=
∫
dnx〈Nn
[
A(x)
]
φA1(x1)φ
A2(x2) ... φ
An(xn) 〉J
(10)
4 Axial anomaly in QED
Let us consider QED in four dimensions, represented by the classical
action:
S0 =
∫
d4x
[
−
1
4
Fµν Fµν + iψγ
µ(∂µ − igAµ)ψ
]
(11)
This theory has no gauge anomaly. However, as is well known,
there is a global anomaly corresponding to the violation of the con-
servation of the Axial current. This fact has very important conse-
quences, discussed for example in [14]. If we follow the procedure of
[11] in order to investigate this global anomaly, now in the context of
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the BV-BPHZ procedure, we must gauge the axial transformation. We
introduce a scalar field ρ and couple it with the BPHZ Axial current
given by eq. (4), adding to the action (11) the term
S′0 =
∫
d4x J
BPHZ
5µ
∂µρ =
∫
d4x eα1 ψγ
µγ5∂µρψ . (12)
The action S0+S
′
0 has, besides the standard (non axial) gauge invari-
ance of QED, the additional local symmetry:
δψ(x) = ieα1λ(x)γ5ψ(x)
δψ(x) = ieα1λ(x)ψ(x)γ5
δρ = λ(x) . (13)
and, as discussed in [11], we recover the original theory if we fix the
gauge corresponding to ρ = 0. It is also important to stress[11] that
the new field ρ and his corresponding ghost field will form a BRST
doublet[15] and will therefore be absent from the cohomology. In
other words, for a theory like QED, without gauge anomalies, the
process of gauging the global axial symmetry will not render the theory
anomalous.
Before writing the BV action at classical level associated to S0+S
′
0,
it is convenient to perform a canonical transformation, as prescribed
in [16]:
ρ → −ω∗
ρ∗ → ω (14)
This way we get the quantum BV action:
S =
∫
d4x
(
−
1
4
FµνF
µν + ψγµ[∂µ − ieAµ − iα1γ5∂µω
∗]ψ
− ieψ∗(c+ γ5d)ψ + ieψ
∗
(c+ γ5d)ψ +A
∗
µ∂
µc+ ωd
]
+ h¯M1 (15)
where the ghosts c and d are associated respectively to the original
gauge symmetry and to the new axial one ( eq. 13) andM1 represents
a possible one loop order correction to the action that, as we will see
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will have a non trivial role in generating the anomalous divergence of
the Axial current.
As there is no gauge anomaly in QED, the righthand side of equa-
tions (9) and (10) vanishes (A = 0). It is important to stress that the
so called Adler Bell Jackiw anomaly, corresponding to the righthand
side of eq. (3) is not a gauge anomaly. The transformation associ-
ated to J 5µ is a global symmetry of (11) and, as a consequence of
the Noether theorem, this current is conserved at the classical level.
What we call a global anomaly is a violation in this conservation law
at quantum level. In our procedure, introducing the extra term (12)
in the action, we gauge this symmetry but, as in [11], we do not spoil
the BRST invariance at quantum level.
Considering now the BPHZ regularized BV master equation (10)
and choosing conveniently for the arbitrary set of fields
φA1(x1)φ
A2(x2) ... φ
An(xn) just ω(y) we find:
α1N4 [∂µ(ψγ
µγ5ψ) ] + h¯N4 [
δLM1
δω∗
] = 0 (16)
Now we can look up for a counterterm M1 such that this version of
the BPHZ regularized BV master equation will just represent just the
appropriate Axial Ward identity corresponding to eq. (3), that means:
M1 = −
e2
(4pi)2
Fµν F˜
µνω∗ (17)
Therefore, the inclusion of this counterterm in the quantum action
makes it possible to generate, by means of the BPHZ renormalized
master equation (10) the Ward identity involving the divergency of
the Axial current.
At this point it is important to note that if we try to incorporate
the global axial anomaly in the BPHZ renormalized BV framework by
simply associating a constant ghost to the global symmetry, we would
not be able to reproduce the results above. There would be no Axial
current in the action, and therefore, the Ward identities involving the
divergence of this current would not be reproduced. It is the extra
field ρ (or, equivalently, the canonically transformed version ω∗ ) that
makes it possible to incorporate the non trivial behavior of ∂µJ5µ in
the theory, through the M1 term.
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5 Conclusion
We have shown that a typical example of global anomaly: the non
conservation of the axial anomaly in standard QED can be consistently
handled within the BPHZ renormalized BV master equation. The
whole set of Ward identities involving the divergency of the Axial
current can be generated from this equation.
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